Abstract. Let G be a compact, simply connected Lie group. If C1, C2 are two G-conjugacy classes, then the set of elements in G that can be written as products g = g1g2 of elements gi ∈ Ci is invariant under conjugation, and its image under the quotient map G → G/ Ad(G) = A is a convex polytope. In this note, we will prove an analogous statement for twisted conjugations relative to group automorphisms. The result will be obtained as a special case of a convexity theorem for group-valued moment maps which are equivariant with respect to the twisted conjugation action.
Introduction
Let G be a compact connected Lie group, with maximal torus T , and let g, t be their Lie algebras. Fix a positive Weyl chamber t + ⊆ t, and denote by p : g → t + the quotient map, with fiber p −1 (ξ) = O ξ the adjoint orbit of ξ. For any r > 1, the set (1) {(ξ 1 , . . . , ξ r ) ∈ t + × · · · × t + ∃ζ i ∈ O ξ i : ζ 1 + . . . + ζ r = 0}
is a convex polyhedral known as the Horn cone. Fixing ξ 1 , . . . , ξ r−1 , the Horn cone describes the set of adjoint orbits contained in the sum of adjoint orbits O ξ 1 + . . . + O ξ r−1 . For the case of G = U(N ), the projection p(ζ) signifies the set of eigenvalues of a Hermitian matrix ζ, hence the Horn cone thus describes the possible eigenvalues of sums of Hermitian matrices with prescribed eigenvalues. The defining inequalities for the u(n)-Horn cone were obtained by Klyachko [14] , who gave a description in terms of the Schubert calculus of the Grassmannian. This was extended to arbitrary compact groups by Berenstein-Sjamaar [7] . See Ressayre [20] and Vergne-Walter [23] for recent developments. Suppose in addition that G is simply connected. Let A ⊆ t + be the Weyl alcove. Then A labels the set of conjugacy classes in G, in the sense that there is a quotient map q : G → A, with fiber q −1 (ξ) = C ξ the conjugacy class of exp(ξ). As observed in Meinrenken-Woodward [17, Corollary 4.13] , the set (2) {(ξ 1 , . . . , ξ r ) ∈ A × · · · × A ∃g i ∈ C ξ i : g 1 . . . g r = e} is a convex polytope. Put differently, this polytope describes the conjugacy classes arising in products of a collection of prescribed conjugacy classes. In the case of G = SU(n), it describes the possible eigenvalues of products of special unitary matrices with prescribed eigenvalues; these eigenvalue inequalities were determined, in terms of quantum Schubert calculus on flag manifolds, by Agnihotri-Woodward [1] and Belkale [5] . (See also Belkale-Kumar [6] .) This was extended to general G by Teleman-Woodward [22] .
In this note we will show that there are similar polytopes for twisted conjugations. Recall that the twisted conjugation action relative to a group automorphism κ ∈ Aut(G) is the action (3) Ad
g (a) = g a κ(g −1 ).
As we will explain, it suffices to consider automorphisms κ defined by Dynkin diagram automorphisms. These automorphisms preserve t, with fixed point set t κ , and there is a convex polytope (alcove) A (κ) ⊆ t κ with a quotient map q (κ) : G → A (κ) whose fiber (q (κ) ) −1 (ξ) = C (κ) ξ is the κ-twisted conjugacy class of exp(ξ).
Theorem 1.1. Let κ 1 , . . . , κ r be diagram automorphisms with κ r • · · · • κ 1 = 1. Then the set
is a convex polytope.
It would be interesting to obtain an explicit description of the defining inequalities of the polytopes (4). (In Section 5, we will work out the case of G = SU(3) and r = 3 by direct computation.) Note that these polytopes (4) arise if one considers products of conjugacy classes of disconnected compact Lie groups K; indeed each conjugacy class of K is a finite union of twisted conjugacy classes of the identity component G = K 0 .
We will obtain Theorem 1.1 as a special case of a convexity result for group-valued moment maps that are equivariant under twisted conjugation. Examples of such spaces are the twisted conjugacy classes, or components of moduli spaces of flat connections for disconnected groups on surfaces with boundary. We have (cf. Theorem 4.4): Theorem 1.2. Let (M, ω, Φ) be a compact, connected q-Hamiltonian G-space with a κ-twisted equivariant moment map Φ : M → G. Then the fibers of the moment map are connected, and the image
In a very recent paper, Boalch and Yamakawa [10] independently considered twisted groupvalued moment maps in the context of twisted wild character varieties, generalizing earlier results of Boalch [8, 9] . In particular, their work has a discussion of twisted moduli spaces, similar to Section 3.2. I also learned about a forthcoming article by Alex Takeda, using twisted group-valued moment maps in the setting of shifted symplectic geometry.
2.1. Twisted conjugation. Let Aut(G) be the group of automorphisms of a Lie group G, and Inn(G) ∼ = G/Z(G) the normal subgroup of inner automorphisms Ad a , a ∈ G. The quotient group is denoted Out(G) = Aut(G)/ Inn(G). For κ ∈ Aut(G), define the κ-twisted conjugation action as Ad
.
Its orbits C ⊆ G are called the κ-twisted conjugacy classes. In terms of the semi-direct product G ⋊ Aut(G), the twisted conjugation action can be regarded as an ordinary conjugation,
For this reason, we will sometimes use the notation Gκ for the space G, regarded as a G-space under κ-twisted conjugation. For later reference, we note that if κ 1 , κ 2 are two automorphisms, then
The differential of κ ∈ Aut(G) at the group unit is an automorphism of the Lie algebra g, still denoted by κ. The generating vector fields for the κ-twisted conjugation action are
In terms of right trivialization of the tangent bundle, we have ξ G (h) = (Ad h • κ − I)ξ. Hence, the Lie algebra of the stabilizer of h ∈ G is
while the tangent space to the twisted conjugacy class C = Ad
Then the corresponding twisted conjugations are related by right multiplication r a : G → G:
Example 2.1. Suppose κ 1 , . . . , κ r ∈ Aut(G), and let C i be κ i -twisted conjugacy classes. Then the subset
Then the problem of finding h i ∈ C i with product h 1 · · · h r in a prescribed κ-twisted conjugacy class C is equivalent to a similar problem for the C ′ i . To see this, let u 1 , . . . , u r+1 be inductively defined as u i+1 = a i κ i (u i ) with u 1 = e, and put a = u r+1 . Then κ ′ = Ad a • κ, hence C ′ = r a −1 (C) is a κ ′ -twisted conjugacy class. A straightforward calculation shows that if h i ∈ C i satisfy h := h 1 · · · h r ∈ C, then the elements
2.2. Diagram automorphisms. Let G be a compact and simply connected Lie group, with maximal torus T and Weyl group W = N G (T )/T . Fix a positive Weyl chamber t + ⊆ t, with corresponding alcove A ⊆ t + . The walls of the Weyl chamber are defined by the simple roots α 1 , . . . , α l ∈ t * . Let α ∨ i ∈ t be the simple coroots, and let e i , f i ∈ g C be the Chevalley generators, for i = 1, . . . , l.
Consider an automorphisms of the Dynkin diagram, given by a bijection i → i ′ of its set of vertices preserving all Cartan integers:
Any diagram automorphism defines a unique Lie algebra automorphism κ ∈ Aut(g C ) such that κ(e i ) = e i ′ , κ(f i ) = f i ′ . This automorphism preserves the real Lie algebra g ⊆ g C , and exponentiates to the Lie group G. We will refer to the resulting κ ∈ Aut(G) itself as a diagram automorphism. Every element of Out(G) = Aut(G)/ Inn(G) is represented by a unique diagram automorphism, and the resulting splitting Out(G) ֒→ Aut(G) identifies
That is, any automorphism of G can be written as κ ′ = Ad a • κ with a ∈ G and κ ∈ Out(G). To understand the orbit structure of κ-twisted conjugation actions, it hence suffices to consider the case that κ ∈ Aut(G) is a diagram automorphism. In particular, κ preserves T , with fixed point set T κ ⊆ G κ . Let t κ , t κ be the kernel and range of κ| t − I : t → t. Then t κ is the Lie algebra of T κ , and t κ = (t κ ) ⊥ is the orthogonal space in t (relative to a W -invariant metric). Put T κ = exp(t κ ). Then T = T κ T κ , with finite intersection
Let W κ ⊆ W the subgroup of elements w whose action on t commutes with κ. For a ∈ G, denote by G a the stabilizer under the κ-twisted adjoint action. For Propositions 2.2 and 2.3 below, see [19] , [21] , and references therein.
The group G κ contains T κ as a maximal torus, with Weyl group W κ . The intersection
For all a ∈ T κ , the stabilizer group G a under the twisted conjugation action contains T κ as a maximal torus.
T (e) ⊆ t be the integral lattice of T . Since G is simply connected, it coincides with the coroot lattice of (G, T ). The fixed point set Λ κ ⊆ t κ is the integral lattice of T κ . It is contained in the lattice,
There is a unique closed convex polytope A (κ) ⊆ t κ + , containing the origin, such that G exp ξ = T κ for elements ξ ∈ int(A (κ) ), and such that the map
is an affine reflection group, generated by reflections across the facets of A (κ) , and having A (κ) as a fundamental domain.
Clearly, if κ = 1 then A (κ) is just the usual Weyl alcove, parametrizing the set of (untwisted) conjugacy classes in G. Note that in general, Λ (κ) , A (κ) are different from the coroot lattice and alcove of (g κ , t κ ). The group W (κ) aff is the Weyl group of the twisted affine Lie algebra defined by κ, see Kac [13] .
2.3. Slices. The conjugation action of G on itself has distinguished slices, labeled by the faces of the alcove. We will generalize this fact to twisted conjugation actions.
Lemma 2.4. Let κ ∈ Aut(G), where G is compact. Let C ⊆ G be the κ-twisted conjugacy class of an element a ∈ G κ . Then
Proof. Pick an Aut(G)-invariant inner product on g, defining a bi-invariant Riemannian metric on the Lie group G which is also invariant under κ. Since κ(a) = a, we have a ∈ G a , and we obtain T a G a = g a in right trivialization. On the other hand, by (6) and (7) we have
Since the two spaces are orthogonal, the Lemma follows.
Using again that κ(a) = a, the twisted conjugation action of a on G restricts to the usual conjugation action on G a . In particular, G a is a Ad If G is also simply connected, and κ is a diagram automorphism, there is a specific 'largest' slice, as follows. For any face σ ⊆ A (κ) , let A 
g a is an embedding as an open subset of G. That is, U σ is a slice for the twisted conjugation action.
Proof. Pick ζ ∈ σ, and put c = exp ζ so that G c = G σ . For all ξ ∈ t κ and g ∈ G σ , (11) Ad
Equation (11) also shows that for ξ ∈ A g ′ a ′ , where a, a ′ ∈ U σ and g, g ′ ∈ G. Since a, a ′ are in the same twisted conjugacy class, there is a unique ξ ∈ A σ and elements h, h ′ ∈ G σ such that
To complete the proof, it suffices to show that (10) has surjective differential. By equivariance, it is enough to verify this at elements [(e, a)] with a ∈ exp(A (κ) σ ) ⊆ T κ . The range of the differential of (10) at such a point contains Lemma 2.4 shows that this is all of T a G.
q-Hamiltonian spaces
Let G be a Lie group, with an invariant inner product · on its Lie algebra g, and let η ∈ Ω 3 (G) be the bi-invariant closed 3-form
where θ L , θ R ∈ Ω 1 (G, g) are the left, right invariant Maurer-Cartan forms. Suppose κ ∈ Aut(G) is an automorphism. It will be convenient to denote the group G, viewed as a G-manifold under κ-twisted conjugation, by Gκ.
3.1. Gκ-valued moment maps. A q-Hamiltonian G-space with Gκ-valued moment map is a G-manifold M , together with an G-invariant 2-form ω and a G-equivariant smooth map Φ : M → Gκ. These are required to satisfy the following axioms:
These axioms generalize the G-valued moment maps from [3] . In terms of equivariant de Rham forms, the first two properties may be combined into a single condition
is a closed equivariant 3-form on Gκ.
Example 3.1 (Twisted conjugacy classes). κ-twisted conjugacy classes C ⊆ G are q-Hamiltonian G-spaces, with the Gκ-valued moment map given as the inclusion. The 2-form is uniquely determined by the moment map condition (b), and is given by
Note that the twisted conjugacy classes can be odd-dimensional. For example, in the case of G = SU(3) with κ given by complex conjugation, the generic stabilizer under twisted conjugation is a circle, and hence the generic twisted conjugacy classes are 7-dimensional.
Example 3.2 (Twisted moduli spaces). These are associated to any compact oriented surface with boundary, with marked points on the boundary components, with a prescribed homomorphism from the fundamental groupoid into Aut(G). This will be discussed in Section 3.2 below. 
becomes a q-Hamiltonian G-space with G κ 2 κ 1 -valued moment map Φ 1 Φ 2 . Properties (a) and (b) may be verified directly; for property (c) it is best to use the Dirac-geometric approach as in Remark 3.5. For example, if C is a κ-twisted conjugacy class in G, and M is a q-Hamiltonian G-space with (non-twisted) G-valued moment map, then the fusion product M × C is a q-Hamiltonian G-space with Gκ-valued moment map. Also, if C i ⊆ G are κ i -twisted conjugacy classes, for i = 1, . . . , r, then their fusion product C 1 × · · · × C r is a q-Hamiltonian space with Gκ-valued moment map, where κ = κ r · · · κ 1 . See example 2.1.
Remark 3.4. Let L (κ) G be the twisted loop group, consisting of paths g : R → G with the property that g(t + 1) = κ(g(t)) for all t. There is a notion of Hamiltonian L (κ) G-space generalizing that of a Hamiltonian LG-space [17] , and by the same proof as for κ = 1 [3] one sees that there is a 1-1 correspondence between Hamiltonian L (κ) G-spaces with proper moment maps and κ-twisted q-Hamiltonian G-spaces.
Remark 3.5. The definition of Gκ-valued moment maps has a Dirac-geometric interpretation, similar to [11] and [2] . Using the notation from [2] , let A = TG η be the standard Courant algebroid over G, with the Courant bracket twisted by the closed 3-form η. It has a canonical trivialization A = G × (g ⊕ g), where g stands for g with the opposite metric. Any Lagrangian Lie subalgebra s ⊆ g ⊕ g defines a Dirac structure E s = G × s ⊆ A. Taking s to be the diagonal, one obtains the Cartan-Dirac structure E ∆ = E. Taking s = {(ξ, κ(ξ)| ξ ∈ g} for κ ∈ Aut(G), one obtains a Dirac structure E s = E (κ) generalizing the Cartan-Dirac structure. As a Lie algebroid, it is the action Lie algebroid for the κ-twisted conjugation action. For a q-Hamiltonian space (M, ω, Φ) with Gκ-valued moment map, the pair (Φ, ω) defines a full morphism of Manin pairs, (TM, T M ) (A, E (κ) ). Conversely, such a morphism defines a g-action on M for which the underlying map Φ : M → G is equivariant, and it also defines an invariant 2-form on M satisfying the axioms above. The Dirac-geometric approach explains many of the properties of Gκ-valued moment maps; for example the fusion construction finds a conceptual explanation in terms of a Dirac morphism
with the 2-form ς =
3.2. Twisted moduli spaces. Let Σ = Σ r h be a compact, connected, oriented surface of genus h with r > 0 boundary components, and let V = {x 1 , . . . , x r } be a collection of base points on the boundary components, x i ∈ (∂Σ) i ∼ = S 1 . Let
denote the fundamental groupoid, consisting of homotopy classes λ of paths for which both the initial point s(λ) and the end point t(λ) are in V. Suppose we are given a groupoid homomorphism ('twist') κ ∈ Hom π 1 (Σ, V), Aut(G) .
Such a κ may be obtained by assigning elements of Aut(G) to a system of free generators of the fundamental groupoid, and extending by the homomorphism property. Let
be the space of κ-twisted homomorphisms, consisting of maps λ → φ λ such that
whenever s(λ 1 ) = t(λ 2 ). (The space M may be regarded as a certain moduli space of flat connections.) 1 The group Map(V, G) = G × · · · × G act on the space (12) as
s(λ) ). Let κ 1 , . . . , κ r ∈ Aut(G) be the values of κ on the oriented boundary loops λ 1 , . . . , λ r . Then M is a q-Hamiltonian G r -space, with a Gκ 1 × · · ·× Gκ r -valued moment map Φ given by evaluation on boundary loops. We won't describe the 2-form here, since for the case that κ takes values in diagram automorphisms it may be regarded as a component of the moduli space of flat G ⋊ Out(G)-bundles -see Section 3.4 below. Attach an automorphism σ ∈ Aut(G) to β, and 1 to α, and extend to a homomorphism κ as above. Then the corresponding M is G × G, with elements (a, b) corresponding to holonomies along α, β. The group G acts on a by conjugation and on b by κ-twisted conjugation. The boundary holonomy is a G-valued moment map
a twisted group commutator.
Remark 3.7. Let K be a disconnected group with identity component G = K 0 . The space Hom(π 1 (Σ, V), K) is a moduli space of flat K-bundles over Σ, with framings at the base points. This space is disconnected, in general. The conjugation action of K on its identity component defines a group homomorphism K → Aut(G). Hence, any element x ∈ Hom(π 1 (Σ, V), K) determines an element κ ∈ Hom(π 1 (Σ, V), Aut(G)), and the connected component containing x is identified with a component of Hom κ (π 1 (Σ, V), G).
The example giving rise to the convex polytope in Theorem 1.1 is obtained from the rholed sphere Σ = Σ r 0 . Here π 1 (Σ, V) is freely generated by λ 1 , . . . , λ r−1 , represented by oriented boundary loops based at x 1 , . . . , x r−1 , together with µ 1 , . . . , µ r−1 represented by nonintersecting paths connecting these points to x r . The element λ r represented by the remaining boundary loop satisfies
Given κ ∈ Hom(π 1 (Σ, V), Aut(G)), we denote by κ i the images of the λ i 's, and by σ i the images of the µ i 's. Then
We find Hom κ (π 1 (Σ, V), G) = G 2r−2 , consisting of tuples (d 1 , . . . , d r−1 , a 1 , . . . , a r−1 ), where d i are holonomies attached to the λ i , and a i are attached to the µ i . The holonomy d r around the r-th boundary loop is determined from
Lemma 3.8. Let κ 1 , . . . , κ r be holonomies attached to the boundaries of Σ r 0 , with κ r κ r−1 · · · κ 1 = 1. Then there is an extension to a homomorphism κ ∈ Hom(π 1 (Σ, V), Aut(G)), in such a way that the moment map image of M = Hom κ (π 1 (Σ, V), G) consists of all (d 1 , . . . , d r ) ∈ G r for which there exists (g 1 , . . . , g r ) with g i ∈ Ad
Proof. Using the notation above, put
r−2 . Equation (14) becomes the condition κ r κ r−1 · · · κ 1 = 1. Introducing a 3 )) , . . . the equation for the holonomies becomes
where we put a ′ r = e. That is g i = e where the map taking (d 1 , . . . , d r−1 , a 1 , . . . , a r−1 ) to (d 1 , . . . , d r ), with d r determined from the condition i g i = e.
3.3.
Basic properties of Gκ-valued moment maps. The following statement extends a well-known property of moment maps in symplectic geometry. Proposition 3.9. Let (M, ω, Φ) be a q-Hamiltonian G-space with Gκ-valued moment map. For all m ∈ M we have
(For any subspace V ⊆ T m M , the notation V ω means the set of all v ∈ T m M such that ω(v, w) = 0 for all w ∈ V .)
Proof. In terms of A = Ad Φ(m) • κ, the moment map condition gives
In particular, for ξ ∈ g m , we get that
But g m ⊆ g Φ(m) = ker(A−I), so A acts as the identity on g m . Hence we obtain ξ ·(
On the other hand, it is immediate from the moment map condition that ker(T m Φ) ω ⊇ T m (G · m). Equality of both inclusions follows by a dimension count:
Here we used ker(ω) ∩ ker(T Φ) = 0 for the first equality sign. Proof. Here, the Dirac-geometric viewpoint from Remark 3.5 is convenient. Let TG η be as in that remark. The subspace
The axioms show that E 1 contains the space
(everything evaluated at Φ(m)). Here ξ G are the generating vector fields for the κ-twisted conjugation,
But it is easily checked that E = E ⊥ , which together with E ⊆ E 1 implies E 1 = E. In particular, taking α = 0 in the definition of E 1 we see that
Since ker(ω m ) ∩ ker(T m Φ) = 0, the map T m Φ is injective on ker(ω m ). Consequently, ker(ω m ) = {ξ M (m)| (A + I)ξ = 0}.
3.4.
Changing κ by inner automorphisms. Suppose κ ′ = Ad a • κ, and let (M, ω, Φ) be a q-Hamiltonian G-space with Gκ-valued moment map. Then the manifold M with the same G-action and 2-form, but with a shifted moment map Φ ′ = r a −1 •Φ, is a q-Hamiltonian G-space with Gκ ′ -valued moment map. For this reason, if G is compact and simply connected, it usually suffices to consider the case of diagram automorphism κ ∈ Out(G). But for κ ∈ Out(G), the q-Hamiltonian G-spaces with Gκ-valued moment map are simply q-Hamiltonian spaces with moment maps valued in the disconnected group G ⋊ Out(G), whose image is contained in the component G × {κ}. (The only wrinkle is that we only consider the action of the identity component G of this group, but this doesn't affect the theory from [3] .) In this sense, the examples considered above are not new, at least for G compact and simply connected. For instance, in the fusion procedure 3.3, first apply the automorphism κ 1 to the second space, thus obtaining (M 2 , ω 2 , Φ ′ 2 ) with the new G-action m → κ 1 (g).m, and a Gκ ′ -valued moment
, we recognize the fusion product 3.3 as a standard fusion product [3] for q-Hamiltonian G-spaces with G ⋊ Out(G)-valued moment maps.
Convexity properties
We now turn to the convexity properties of Gκ-valued moment maps. The arguments are mostly straightforward adaptations of those in [17] and [15] . Throughout, we will assume that G is compact and simply connected, and that κ ∈ Aut(G) is a diagram automorphism. We denote by A (κ) ⊆ t κ the alcove, and by
the quotient map, with fibers (q (κ) ) −1 (ξ) the κ-twisted conjugacy classes of exp(ξ). Recall from 2.3 the definition of the slices U σ . Let κ σ denote the restriction of κ to G σ .
Proposition 4.1 (Cross-section theorem). Let (M, ω, Φ) be a connected q-Hamiltonian Gspace with Gκ-valued moment map. For any face σ ⊆ A (κ) , the pre-image Y σ = Φ −1 (U σ ) is a q-Hamiltonian G σ κ σ -space, with the pullback of ω as the 2-form and the restriction of Φ as the moment map.
The proof is parallel to the result for non-twisted q-Hamiltonian spaces, see [3] , which in turn is a version of the cross-section theorem for Hamiltonian spaces, due to Guillemin-Sternberg [12] and Marle [16] .
Recall that for any connected G-manifold M , the principal stratum M prin is the set of all points whose stabilizer is subconjugate to any other stabilizer. It is connected, and open and dense in M . 
where h is the Lie algebra of H, and x is any point of q (κ) (Φ(M prin )).
Proof. The parallel statements for ordinary Hamiltonian G-spaces are proved in [15, Section 3.3] . In particular, if N is a connected Hamiltonian G-space, with moment map Ψ : N → g * , then for each n ∈ N prin , the stabilizer G n is an ideal in G Φ(n) , and the stabilizer H = G n of points in N prin ∩ Ψ −1 (t * + ) is independent of n. We will use cross-sections Y σ to reduce to the Hamiltonian case. As noted in the proof of Proposition 2.5, the automorphism κ σ = κ| Gσ is inner, and is given by Ad a −1 for any choice of a ∈ exp(σ). Hence, Y σ becomes a q-Hamiltonian (Equality holds if M is compact.) Alternatively, σ is characterized as the smallest face such that the corresponding cross-section Y σ satisfies Φ(Y σ ) ⊆ exp(σ). This principal cross-section Y σ is a connected q-Hamiltonian T κ -space, with the restriction of Φ as the moment map, and
Proof. Using the notation from the previous proposition, let σ be the lowest dimensional face of A (κ) whose closure contains (x + h ⊥ ) ∩ A (κ) . Since q (κ) (Φ(M prin )) is a relatively open subset of (x+h ⊥ )∩A (κ) , its intersection with σ is non-empty. It follows that q (κ) (Φ(M ))∩σ = q (κ) (Φ(Y σ )). That is, Φ(Y σ ) ⊆ exp(σ) ⊆ T κ , so that Y σ may be regarded as a q-Hamiltonian T κ -space, for the restriction of the moment map.
Consider the setting of Theorem 1.1, with r = 3. Unless all κ i = 1, two of the automorphisms κ 1 , κ 2 , κ 3 have to be κ, and the third is the identity. We may assume κ 1 = κ 2 = κ and κ 3 = 1. Hence,
